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WHEN DOES C(K,X) CONTAIN A COMPLEMENTED
COPY OF c0(Γ) IFF X DOES?
VINI´CIUS MORELLI CORTES AND ELO´I MEDINA GALEGO
Abstract. Let K be a compact Hausdorff space with weight w(K),
τ an infinite cardinal with cofinality cf(τ) and X a Banach space. In
contrast with a classical theorem of Cembranos and Freniche it is shown
that if cf(τ) > w(K) then the space C(K,X) contains a complemented
copy of c0(τ) if and only if X does.
This result is optimal for every infinite cardinal τ , in the sense that
it can not be improved by replacing the inequality cf(τ) > w(K) by
another weaker than it.
1. Introduction and the main theorem
Let K be a compact Hausdorff space and X a real Banach space. By
C(K,X) we denote the Banach space of all continuous X-valued functions
defined on K and endowed with the supremum norm. This space will be
denoted by C(K) in the case where X is the scalar field.
For a non-empty set Γ, c0(Γ) denotes the Banach space of all real-valued
maps f on Γ with the property that for each ε > 0, the set {γ ∈ Γ : |f(γ)| ≥
ε} is finite, equipped with the supremum norm. We will refer to c0(Γ) as
c0(τ) when the cardinality of Γ (denoted by |Γ|) is equal to τ . This space
will be denoted by c0 when τ = ℵ0. As usual, the dual space of c0 will be
denoted by ℓ1.
We use standard set-theoretical and Banach space theory terminology as
may be found, e.g., in [8] and [9] respectively. If X and Y are Banach spaces,
we say that Y contains a complemented copy of X (in short, X
c
→֒ Y ) if X
is isomorphic to a complemented subspace of Y .
In 1982, Saab and Saab [13] solved the problem of characterizing when
C(K,X) contains a complemented copy of l1. More precisely, it was shown
that if K is a compact Hausdorff space and X is a Banach space, then
(1.1) ℓ1
c
→֒ C(K,X) ⇐⇒ ℓ1
c
→֒ X.
On the other hand, in 1984 Cembranos [2] and independently Freniche [5]
showed that the statement analogous to (1.1) for c0 is far from being true.
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Indeed, they proved that for any infinite compact Hausdorff space K and
infinite dimensional Banach space X we have
(1.2) c0
c
→֒ C(K,X).
However, in opposition to (1.2) it is well-known, see e.g. [10, Lemma 2], that
for all finite compact spaces K and Banach spaces X the following quite
similar result to (1.1) holds:
(1.3) c0
c
→֒ C(K,X) ⇐⇒ c0
c
→֒ X.
These facts raise naturally the following question:
Problem 1.1. Let K be a compact Hausdorff space, X a Banach space and
τ an infinite cardinal. Under which conditions we have
c0(τ)
c
→֒ C(K,X) ⇐⇒ c0(τ)
c
→֒ X?
The purpose of this paper is to give a solution to Problem 1.1 in terms of
the cofinality of τ and the weight of K. Our result includes that mentioned
in (1.3). Recall that if τ is an infinite cardinal then the cofinality of τ ,
denoted by cf(τ), is the least cardinal α such that there exists a family of
ordinals {βi : i ∈ α} satisfying βi < τ for all i ∈ α, and sup{βi : i ∈ α} = τ .
A cardinal τ is said to be regular when cf(τ) = τ ; otherwise, it is said to be
singular. Moreover, if S is a topological space then the weight of S, denoted
by w(S), is the least cardinality of an open topological basis of S.
Our main result is as follows.
Theorem 1.2. Let K be a compact Hausdorff space, X a Banach space and
τ an infinite cardinal. If cf(τ) > w(K) then
c0(τ)
c
→֒ C(K,X) ⇐⇒ c0(τ)
c
→֒ X.
In order to prove Theorem 1.2, we first solve in section 2 the problem
of characterizing when a Banach space X contains a complemented copy of
c0(τ) for arbitrary infinite cardinal τ (Theorem 2.4). In section 3, we present
the proof of Theorem 1.2 and in section 4 we show that the hypothesis
cf(τ) > w(K) is sharp in Theorem 1.2 for every infinite cardinal τ .
2. Banach spaces X containing a complemented copies of c0(τ)
We start by recalling that a family (x∗i )i∈τ in the dual space X
∗ is said
to be weak∗-null if for each x ∈ X we have
(x∗i (x))i∈τ ∈ c0(τ).
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We will denote by (ei)i∈τ the unit-vector basis of c0(τ), that is, ei(i) = 1
and ei(j) = 0 for each i, j ∈ τ , i 6= j. If Γ is a subset of τ , we identify c0(Γ)
with the closed subspace of c0(τ) consisting of the maps g on τ such that
g(γ) = 0 for each γ ∈ τ \ Γ.
In his PhD thesis, Schlumprecht [14] obtained the following useful char-
acterization of Banach spaces containing complemented copies of c0.
Theorem 2.1. ([3, Theorem 1.1.2]) Let X be a Banach space. Then X
contains a complemented copy of c0 if, and only if, there exist a basic se-
quence (xn)n∈N in X that is equivalent to the unit-vector basis of c0 and a
weak∗-null sequence (x∗n)n∈N such that
inf
n∈N
|x∗n(xn)| > 0.
Our goal in this section is to extend this result to the c0(τ) spaces, where
τ ≥ ℵ0. We next state two auxiliary results.
Theorem 2.2. ([12, Remark following Theorem 3.4]) Let X be a Banach
space and τ an infinite cardinal. Let T : c0(τ) → X be a bounded linear
operator such that inf{‖T (ei)‖ : i ∈ τ} > 0. Then there exists a subset
τ ′ ⊂ τ such that |τ ′| = τ and T|c0(τ ′) is an isomorphism onto its image.
Theorem 2.3. ([7, Corollary 2]) Let τ 6= ∅ be a cardinal and Y be a closed
subspace of c0(τ). Then Y is complemented in c0(τ) if and only if there
exists a subset τ ′ ⊂ τ such that Y is isomorphic to c0(τ
′).
We are now ready to prove the following extension of Theorem 2.1.
Theorem 2.4. Let X be a Banach space and τ be an infinite cardinal. The
following are equivalent:
(1) X contains a complemented copy of c0(τ).
(2) There exist a family (xi)i∈τ equivalent to the unit-vector basis of
c0(τ) in X and a weak
∗-null family (x∗i )i∈τ in X
∗ such that, for each
i, j ∈ τ ,
x∗i (xj) = δij .
(3) There exist a family (xi)i∈τ equivalent to the unit-vector basis of
c0(τ) in X and a weak
∗-null family (x∗i )i∈τ in X
∗ such that
inf
i∈τ
|x∗i (xi)| > 0.
Proof. (1) =⇒ (2). By hypothesis, there exist a family (xi)i∈τ equivalent
to the unit-vector basis of c0(τ) in X and P : X → Y a bounded linear
projection onto Y = span{xi : i ∈ τ}. Let (ϕi)i∈τ be the family of coordinate
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functionals associated to (xi)i∈τ in Y
∗. For each i ∈ τ , consider x∗i = ϕi◦P ∈
X∗. Therefore, for each i, j ∈ τ we have
x∗i (xj) = ϕi(P (xj)) = ϕi(xj) = δij .
Moreover, given x ∈ X , let (αi)i∈τ ∈ c0(τ) be such that P (x) =
∑
i∈τ αixi.
Then we have
x∗i (x) = ϕi(P (x)) = αi, ∀i ∈ τ,
that is, (x∗i (x))i∈τ = (αi)i∈τ ∈ c0(τ). Thus, (x
∗
i )i∈τ is weak
∗-null. This proves
(1) =⇒ (2).
(2) =⇒ (3). This is trivial.
(3) =⇒ (1). Let (xi)i∈τ in X and (x
∗
i )i∈τ in X
∗ be as stated. Consider
the linear operator T : X → c0(τ) defined by
T (x) = (x∗i (x))i∈τ ∈ c0(τ), ∀x ∈ X.
Since
sup
i∈τ
|x∗i (x)| = ‖T (x)‖∞ < +∞, ∀x ∈ X,
by the Uniform Boundedness Principle we have
M = sup
i∈τ
‖x∗i ‖ < +∞.
Hence,
‖T (x)‖∞ = sup
i∈τ
|x∗i (x)| ≤M‖x‖, ∀x ∈ X.
Thus, T is bounded.
Let S : c0(τ)→ Y be an isomorphism from c0(τ) onto Y = span{xi : i ∈
τ} such that S(ei) = xi, for each i ∈ τ . Then we have
‖(T ◦ S)(ei)‖∞ = ‖T (xi)‖∞ = sup
j∈τ
|x∗j(xi)| ≥ |x
∗
i (xi)| ≥ δ,
for each i ∈ τ , where δ = infj∈τ |x
∗
j(xj)| > 0. Therefore, by Theorem 2.2,
there exists τ ′ ⊂ τ such that |τ ′| = τ and T ◦S|c0(τ ′) is an isomorphism from
c0(τ
′) onto Z = (T ◦ S)(c0(τ
′)). Setting
Y ′ = span{xi : i ∈ τ
′} = S(c0(τ
′)),
we obtain that
T |Y ′ = (T ◦ S|c0(τ ′)) ◦ (S|c0(τ ′))
−1 : Y ′ → Z
is an isomorphism from Y ′ onto Z. Hence, Z ⊂ c0(τ) is isomorphic to
c0(τ
′), and thus, by Theorem 2.3, there exists P : c0(τ) → Z a bounded
linear projection onto Z. Define
Q = (T |Y ′)
−1 ◦ P ◦ T : X → Y ′.
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Then Q is a bounded linear operator and
Q(y) = ((T |Y ′)
−1 ◦ P ◦ T )(y) = (T |Y ′)
−1(T (y)) = y, ∀y ∈ Y ′.
Thus, Q is a bounded linear projection from X onto Y ′ = S(c0(τ
′)). Since
Y ′ is isomorphic to c0(τ
′) and |τ ′| = τ , the proof is complete. 
3. On C(K,X) spaces containing a complemented copy of c0(τ)
In this section we will prove Theorem 1.2. Before proving this theorem,
we need to state two lemmas.
Lemma 3.1. Let K be a compact Hausdorff space, D ⊂ K be a dense
subset of K, C ⊂ C(K) be a dense subset of C(K), X be a Banach space
and f ∈ C(K,X). For each ε > 0 there exist m ≥ 1, f1, . . . , fm ∈ C and
d1, . . . , dm ∈ D such that
‖f − hε‖∞ < ε,
where
hε =
m∑
j=1
fj(·)f(dj).
Proof. Fix ε > 0. For each t ∈ K, let Ut = {s ∈ K : ‖f(s)− f(t)‖ < ε/4}.
Since {Ut : t ∈ K} is an open cover of K, there exist t1, . . . , tm ∈ K such
that
K = Ut1 ∪ . . . ∪ Utm .
Let {g1, . . . , gm} ⊂ C(K) be a partition of unity subordinate to the open
cover {Ut1 , . . . , Utm}. For each j ∈ {1, . . . , m}, choose dj ∈ Utj ∩ D and
fj ∈ C such that
‖fj − gj‖∞ <
ε
4m(‖f‖∞ + 1)
.
Define
hε =
m∑
j=1
fj(·)f(dj).
We will show that ‖f − hε‖∞ < ε. Fix t ∈ K and consider
It = {j ∈ {1, . . . , m} : t ∈ Utj} 6= ∅.
Observe that if j ∈ It, then
‖f(t)− f(dj)‖ ≤ ‖f(t)− f(tj)‖+ ‖f(tj)− f(dj)‖ <
ε
2
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and if i ∈ {1, . . . , m} \ It, then gi(t) = 0. Therefore we have
‖f(t)− hε(t)‖ ≤
∥∥∥∥∥f(t)−
m∑
j=1
gj(t)f(dj)
∥∥∥∥∥+
∥∥∥∥∥
m∑
j=1
gj(t)f(dj)− hε
∥∥∥∥∥
=
∥∥∥∥∥
∑
j∈It
gj(t)(f(t)− f(dj))
∥∥∥∥∥+
∥∥∥∥∥
m∑
j=1
(gj(t)− fj(t))f(dj)
∥∥∥∥∥
≤
∑
j∈It
gj(t)‖f(t)− f(dj)‖+
m∑
j=1
|gj(t)− fj(t)|‖f(dj)‖
<
3ε
4
.
Consequently, ‖f − hε‖∞ < ε. 
Lemma 3.2. Let I be an infinite set and J be a non-empty set. Let {Ij}j∈J
be a family of subsets of I such that
⋃
j∈J Ij = I. If cf(|I|) > |J |, then there
exists j0 ∈ J such that |Ij0| = |I|.
Proof. Suppose that the conclusion does not hold. Then we have |Ij | < |I|
for each i ∈ J and thus, by the definition of cofinality,
sup{|Ij| : j ∈ J} < |I|.
Since |J | < cf(|I|) ≤ |I|, we obtain
|I| =
∣∣∣∣∣
⋃
j∈J
Ij
∣∣∣∣∣ ≤ max(|J |, sup{|Ij| : j ∈ J}) < |I|,
a contradiction that finishes the proof. 
We are now in a position to prove our main result. By rcabv(K,X) we
denote the Banach space of all regular, countably additive X-valued Borel
measures on K with bounded variation, endowed with the variation norm.
We also recall that the density character of a topological space S, denoted
by dens(S), is the least cardinality of a dense subset of S.
Proof of Theorem 1.2. We will show the non-trivial implication. We
distingush two cases.
Case 1: K is infinite. By Theorem 2.4, there exist (fi)i∈τ a family of
functions in C(K,X) that is equivalent to the usual unit-vector basis of
c0(τ), and (ψi)i∈τ a weak
∗-null family in C(K,X)∗ such that
ψi(fj) = δij, ∀i, j ∈ τ.
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For each i ∈ τ , by the Riesz-Singer Representation Theorem [3, Theorem
1.7.1] there exists µi ∈ rcabv(K,X
∗) such that ‖µi‖ = ‖ψi‖ and
ψi(f) =
∫
K
f dµi, ∀f ∈ C(K,X).
Since (ψi)i∈τ is weak
∗-null in C(K,X)∗, by the Uniform Boundedness Prin-
ciple we have
M = sup
i∈τ
‖ψi‖ < +∞.
Let D ⊂ K and C ⊂ C(K) be dense subsets of K and C(K) respectively
with |D| = dens(K) and |C| = dens(C(K)). For each i ∈ τ , by Lemma 3.1
there exist mi ≥ 1, f
i
1, . . . , f
i
mi
∈ C and di1, . . . , d
i
mi
∈ D satisfying
‖fi − hi‖∞ <
1
2M
,
where
hi =
mi∑
j=1
f ij(·)fi(d
i
j).
Therefore, for each i ∈ τ we obtain
1 = ψi(fi) ≤ |ψi(fi − hi)|+ |ψi(hi)| <
1
2
+ |ψi(hi)|,
and thus
1
2
< |ψi(hi)| =
∣∣∣∣
∫
K
hi dµi
∣∣∣∣ ≤
mi∑
j=1
∣∣∣∣
(∫
K
f ij dµi
)
(fi(d
i
j))
∣∣∣∣ .
Since K is infinite, by [15, Proposition 7.6.5] we have
(3.1) ℵ0 ≤ dens(K) ≤ w(K) = dens(C(K)),
and hence, by hypothesis,
(3.2) cf(τ) > w(K) = max(|D|, |C|) ≥ ℵ0.
Let M = {mi : i ∈ τ} ⊂ N and for each m ∈ M, put αm = {i ∈ τ :
mi = m}. By (3.2) and Lemma 3.2 there exists n0 ∈M such that |αn0| = τ .
Setting τ1 = αn0 , we have
n0∑
j=1
∣∣∣∣
(∫
K
f ij dµi
)
(fi(d
i
j))
∣∣∣∣ > 12 , ∀i ∈ τ1.
Next, for each j ∈ {1, . . . , n0} consider
βj =
{
i ∈ τ1 :
∣∣∣∣
(∫
K
f ij dµi
)
(fi(d
i
j))
∣∣∣∣ > 12n0
}
.
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Since τ1 is infinite, again by Lemma 3.2 there exists j0 ∈ {1, . . . , n0} such
that |βj0| = |τ1| = τ . Setting τ2 = βj0, we obtain∣∣∣∣
(∫
K
f ij0 dµi
)
(fi(d
i
j0
))
∣∣∣∣ > 12n0 , ∀i ∈ τ2.
Let F = {f ij0 : i ∈ τ2} ⊂ C and for each f ∈ F , define γf = {i ∈ τ2 : f
i
j0
=
f}. By (3.2) and Lemma 3.2 there exists g0 ∈ F such that |γg0| = |τ2| = τ .
Setting τ3 = γg0, we have∣∣∣∣
(∫
K
g0 dµi
)
(fi(d
i
j0
))
∣∣∣∣ > 12n0 , ∀i ∈ τ3.
Let D = {dij0 : i ∈ τ3} ⊂ D and for each d ∈ D, put κd = {i ∈ τ3 : d
i
j0
=
d}. By (3.2) and Lemma 3.2 there exists d0 ∈ D such that |κd0 | = |τ3| = τ .
Finally, setting τ4 = κd0 , we obtain
|ϕi(fi(d0))| >
1
2n0
,
for each i ∈ τ4, where ϕi =
∫
K
g0 dµi ∈ X
∗.
By Theorem 2.4, in order to complete the proof it suffices to show that
there exists τ5 ⊂ τ4 such that |τ5| = τ , (fi(d0))i∈τ5 is equivalent to the
unit-vector basis of c0(τ5) and (ϕi)i∈τ5 is weak
∗-null in X∗.
Given x ∈ X , observe that
ϕi(x) =
(∫
K
g0 dµi
)
(x) =
∫
K
g0(·)x dµi = ψi(g0(·)x), ∀i ∈ τ4.
Therefore,
(ϕi(x))i∈τ4 = (ψi(g0(·)x))i∈τ4 ∈ c0(τ4),
since (ψi)i∈τ is weak
∗-null in C(K,X)∗ by hypothesis. Thus, (ϕi)i∈τ4 is
weak∗-null in X∗. Note also that
0 < ‖ϕi‖ ≤ ‖ψi‖‖g0‖∞ ≤M‖g0‖∞, ∀i ∈ τ4.
Let T : c0(τ) → C(K,X) be an isomorphism from c0(τ) onto its image
such that T (ei) = fi, for each i ∈ τ . Consider S : C(K,X) → X the
bounded linear operator defined by
S(f) = f(d0), ∀f ∈ C(K,X).
Notice that
‖(S ◦ T )(ei)‖ = ‖fi(d0)‖ ≥
1
2Mn0‖g0‖∞
> 0, ∀i ∈ τ4.
Therefore, by Theorem 2.2, there exists τ5 ⊂ τ4 such that |τ5| = |τ4| = τ
and S ◦ T|c0(τ5) is an isomophism onto its image; hence,
(fi(d0))i∈τ5 = (S(T (ei))i∈τ5
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is equivalent to the unit-vector basis of c0(τ5). Thus, by Theorem 2.4 we
have c0(τ)
c
→֒ X .
Case 2: K is finite. Let n = |K|. It is easy to see that C(K,X) =
(Xn, ‖ · ‖∞) in this case. By finite induction, we may assume n = 2. By
Theorem 2.4, there exist a family (xi, yi)i∈τ equivalent to the usual unit-
vector basis of c0(τ) in X
2 and (x∗i , y
∗
i )i∈τ a weak
∗-null family in (X∗)2 such
that
x∗i (xj) + y
∗
i (yj) = δij , ∀i, j ∈ τ.
In particular, we have
|x∗i (xi)|+ |y
∗
i (yi)| ≥ |x
∗
i (xi) + y
∗
i (yi)| = 1, ∀i ∈ τ.
Consider Γ1 = {i ∈ τ : |x
∗
i (xi)| ≥ 1/2} and Γ2 = {i ∈ τ : |y
∗
i (yi)| ≥ 1/2}.
Since τ is infinite, we have |Γ1| = τ or |Γ2| = τ ; without loss of generality,
we may assume the former. By definition,
|x∗i (xi)| ≥
1
2
, ∀i ∈ Γ1.
Given x ∈ X , observe that
(x∗i (x))i∈τ = ((x
∗
i , y
∗
i )(x, 0))i∈τ ∈ c0(τ),
since (x∗i , y
∗
i )i∈τ is weak
∗-null by hypothesis. Thus, (x∗i )i∈τ is weak
∗-null in
X∗, and therefore, by the Uniform Boundedness Principle we have
0 < δ = sup
i∈τ
‖ϕi‖ < +∞.
Let S : c0(τ) → X
2 be an isomorphism onto its image such that S(ei) =
(xi, yi), for each i ∈ τ . Consider Q : X
2 → X the bounded linear operator
defined by
Q(x, y) = x, ∀x, y ∈ X.
Observe that
‖(Q ◦ S)(ei)‖ = ‖xi‖ ≥
1
2δ
> 0, ∀i ∈ τ1.
Therefore, by Theorem 2.2, there exists Γ ⊂ Γ1 such that |Γ| = |Γ1| = τ
and Q ◦ S|c0(Γ) is an isomophism onto its image; hence,
(xi)i∈Γ = (Q(S(ei))i∈Γ
is equivalent to the unit-vector basis of c0(Γ). Thus, an appeal to Theorem
2.4 finishes the proof.
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4. Theorem 1.2 is optimal for every infinite cardinal τ
In this last section we show that the assertion of the Theorem 1.2 does
not remain true, in general, when cf(τ) = w(K). We distinguish three cases:
τ = ℵ0, regular uncountable τ , and singular uncountable τ .
Initially, assume that τ = ℵ0. According to the Cembranos-Freniche’s
theorem, for all infinite compact metric space K we have
c0
c
→֒ C(K, l∞).
So, despite cf(ℵ0) = ℵ0 = w(K), it is well-known that l∞ contains no
complemented copies of c0 [4, Corollary 11, p. 156].
Now suppose that τ is regular and τ > ℵ0. Let m be an infinite cardinal
and denote by 2m = {0, 1}m the Cantor cube. First of all, we need to observe
that there is a misprint in the statement of [6, Theorem 5.1]. Indeed, recall
that Lindenstrauss proved that L1([0, 1]
m) contains a copy of l2(m) [11,
Theorem 2.13], and not a copy of l2(2
m) as it is printed into the proof of [6,
Theorem 5.1]. So, following step by step the proof of [6, Theorem 5.1] we
see that the true statement of that theorem is:
Theorem 4.1. Let m a cardinal satisfying ℵ0 < cf(ℵα) ≤ ℵα ≤ m, for some
ordinal α. If X is a Banach space, then
c0(ℵα) →֒ X ⇐⇒ c0(ℵα)
c
→֒ C(2m, X).
Therefore by applying Theorem 4.1 with ℵα = m = τ , we deduce that
c0(τ)
c
→֒ C(2τ , l∞(τ)).
Thus, although cf(τ) = τ = w(2τ ) [15, Corollary 8.2.7], again by [4, Corol-
lary 11, p. 156] we know that l∞(τ) contains no complemented copies of
c0(τ).
Finally, assume that τ is singular. In this case, we need to recall some
notation. If Γ is a non-empty set and X is a Banach space, we denote
by c0(Γ, X) the Banach space of all X-valued maps f on Γ such that
(‖f(i)‖)i∈Γ ∈ c0(Γ), endowed with the supremum norm. If I is an infinite
set, we denote by γI its Alexandroff compactification.
Let λ = cf(τ) and consider (αi)i∈λ a strictly increasing family of cardinals
satisfying αi < τ , for each i ∈ λ, and supi∈λ αi = τ . Let X be the Banach
space of all families (xi)i∈λ such that xi ∈ c0(αi), for each i ∈ λ, and∑
i∈λ ‖xi‖∞ < +∞, equipped with the norm
‖(xi)i∈λ‖1 =
∑
i∈λ
‖xi‖∞.
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It is not difficult to check that
c0(τ)
c
→֒ c0(λ,X).
Then, by [15, Corollary 21.5.2] we conclude that
c0(τ)
c
→֒ C(γλ,X).
On the other hand, since αi < τ for every i ∈ λ, it follows that c0(τ)
is isomorphic to no subspace of c0(αi). So, by a standard gliding humps
argument we can prove that X contains no copies of c0(τ), see for instance
[1]. However cf(τ) = λ = w(γλ) and thus we are done.
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